The modied Sobolev norm is used to construct an index for measuring the degree of radial asymmetry of a copula. We study various aspects of this index and discuss its rank-based estimator. Through simulation and a real data example, we compare the proposed index with the other radial asymmetry measures.
Introduction
Let (X, Y ) be a pair of continuous random variables with the joint distribution function H(x, y) = P (X ≤ x, Y ≤ y), and univariate marginal distributions F (x) = P (X ≤ x), G(y) = P (Y ≤ y), at each x, y ∈ R. Let C be the unique copula associated with (X, Y ) through the relation H(x, y) = C(F (x), G(y)), x, y ∈ R, in view of Sklar's Theorem [19] . In fact, C is the cumulative distribution function of the pair (U, V ) = (F (X), G(Y )) of uniform (0,1) random variables. For a given copula C, let C(u, v) = u + v − 1 + C(1 − u, 1 − v) be the survival copula or reected copula associated with C or equivalently, the cumulative distribution function of the pair (1 − U, 1 − V ).
A copula C is said to be radially symmetric [12] if (1.1) the surfaces z = C(u, v) and z = C(v, u), in particular, any Lp distance, would yield a measure of radial asymmetry. Diagnostics such as asymmetry measures are useful during data analysis. For instance the presence of radial asymmetry in a set of data rejects the null hypothesis of bivariate normality and other models with more exibility should be considered. Recently several copula-based measures of radial asymmetry have been proposed and the desirable properties for such measures are addressed in [3, 15] . Some tests for identifying radial symmetry of bivariate copulas are discussed in [1, 10] . The asymmetry considered here is also distinguished from the issue of whether a copula is exchangeable, i.e., for all u, v ∈ [0, 1], C(u, v) = C(v, u). For discussion on this kind of symmetry we refer to [5, 14, 18] . The purpose of this paper is to introduce and study another copulabased measure of radial asymmetry based on the modied Sobolev norm [18] . The paper is organized as the following: the proposed index and its properties are discussed in Section 2. In Section 3, we compare the new radial asymmetry measure with the other measures. The estimation of the proposed asymmetry measure is given in Section 4. Sample properties are studied through simulation and a real data example in Sections 5 and 6. Concluding comments are given in Section 7.
Sobolev measure of radial asymmetry
Since copulas are Lipschitz continuous functions from [0, 1] 2 to [0, 1] with Lipschitz constant equal to 1, then they are absolutely continuous in each argument, so that it can be recovered from any of its partial derivatives by integration. The partial derivatives of a copula C can be seen as conditional distribution functionsĊ1
For more details on copulas we refer to [13] . Let C be the class of all bivariate copulas. The dierentiability properties of copulas imply that C is a subset of any standard Sobolev space W 1,p (I 2 , R), for p ∈ [1, ∞); see [2] . Among these spaces, the Sobolev space
is a Hilbert space. Let span(C) denote the vector space generated by C. 
As shown in [17] , ., . and . dene a scalar product and a norm on span(C) respectively. For every copula C, it is easy to see that C 2 = C 2 . Thus for a radially symmetric copula C, we have that C, C = C 2 . A natural measure of radial asymmetry in a copula C, based on the modied Sobolev norm, could be constructed by using the quantity C, C / C 2 .
2.1. Denition. Consider the functional λ :
We call λ(C) as the Sobolev measure of radial asymmetry for copula C.
The following result shows that the index λ(C) satises a set of reasonable properties of a measure of radial asymmetry proposed in [3] .
2.2. Theorem. For every C ∈ C the functional λ(C) satises
(ii) λ(C) = 0 if and only if C = C; Proof. Part (i) follows from the fact that 1/2 ≤ C, C ≤ 1 and C 2 ≤ 1 (see, Theorem 14 in [17] ) and the identity (2.4)
Cn − Cn 2 , we have that Cn, Cn → C, C , which gives the required result.
2.3. Denition. We say that a copula C is maximally radially asymmetric with respect to λ, if and only if λ(C) = 1.
2.4. Theorem. For every C ∈ C the following are equivalent:
(i) C is maximally radially asymmetric with respect to λ.
(ii) 
where t + = max(t, 0). C θ is a copula whose mass is distributed uniformly on the line segments joining the points (0, θ) to (1 − θ, 1),
For this copula we have that λ(C 1
is a maximally radially asymmetric copula with respect to λ. Note that for θ = 0, C θ (u, v) = min(u, v), which is radially symmetric.
Comparing with the other asymmetry measures
In this section we compare the Sobolev measure of radial asymmetry with two other alternatives (3.1) 
which are constructed based on the L∞ and L2 distance between C and its survival copula C. Both measures take values in [0,1] and were rst discussed by Dehgani et al. [3] . If we consider the family of copulas given by (2.5), then we have Ψ∞(C θ/3 ) = θ and thus C 1/3 is a maximally radially asymmetric copula with respect to Ψ∞, while Ψ2(C 1/3 ) 0.46. As explained in [3] there are several relationships between radial asymmetry and dependence. For example the Spearman's rho coecient [13] for maximally radially asymmetric copulas with respect to Ψ∞ takes values in [−5/9, 1/3]; see, [3] for details.
Sample version
Given a random sample (X1i, X2i), i = 1, 2, ..., n, from an unknown distribution H with unique copula C, we derive a non-parametric estimator for the measure of asymmetry λ(C) dened in (2.3). For i ∈ {1, 2, ..., n}, k = 1, 2, consider the pseudo-observationŝ
, where (R1i, R2i), i = 1, 2...n, are the corresponding vectors of ranks. The natural estimators of C and C are then given by the empirical copula Cn and Cn [7] dened, at each u, v ∈ [0, 1], by
where II{A} denotes the indicator function of A. A plug-in rank-based estimator of λ(C) is given by
To approximate the partial derivatives of a copula we proceed as in [16] . Note that the 
where n is a bandwidth parameter, typically n = 1/ √ n; see [16] for details. We could also use a kernel based estimate of the derivative [6] but this would limit the writing of explicit expressions for λ. By using (4.4) and (4.5), natural estimators of C, C and 
Although theses statistics are dened by integrals, they reduce to sums, which make it possible to compute λ(Cn) explicitly.
4.1. Theorem. Let (X1j, X2j), j = 1, 2, . . . , n, be a sample of size n from a vector (X1, X2) of continuous random variables having a regular copula C and let (R1j, R2j), j = 1, . . . , n, be the corresponding vectors of ranks. Then (4.8) Cn, Cn = 1 4n
ij B
(1) ij ) and (4.9)
where for k = 1, 2,
and (4.10)
Proof. For k = 1, 2 and h = 1, 2, .., n, let U kh = R kh /(n + 1), A h (u1, u2) = II{ U 1h ≤ u1}II{ U 2h ≤ u2}, and B h (u1, u2) = II{1 − U 1h ≤ u1}II{1 − U 2h ≤ u2}. Let Cn be the associated empirical copula. Then one may writė
It is easy to see that
Similar expressions hold forĊ2n˙ C2n and (Ċ2n) 2 . Upon integrating and letting U kh = R kh n+1
, k = 1, 2 and h = 1, ..., n, one gets the required result.
The following result shows that λ(Cn) is a consistent estimator of λ(C). 2 , then Cn = √ n(Cn − C) converges weakly to a continuous Gaussian process C; see, e.g., [7] . For u, v ∈ [0, 1] and n = 1/ √ n, we may writė
Theorem. If
and then
which tends to 0 as n → ∞; that is the partial derivative estimates of a regular copula are uniformly convergent. By using dominated convergence theorem, we have that Cn − C → 0 and the continuity property (iv) in Theorem 2.2 gives the required result.
Simulation study
In this section, we compare the sample version of the radial asymmetry measure λ with those of Ψ∞ and Ψ2 given in [3] by
see, e.g., [10] , by simulation. For specic sample size n ∈ {200, 500, 1000} a total of 1000 Monte Carlo replications generated from three radially asymmetric copulas Clayton, τ ∈ {0.1, 0.25, 0.5, 0.75, 0.9}. For each case, 1000 random samples are generated and the estimates of λ are computed. The average values of the estimates from 1000 iterations are reported in Table 1 together with their corresponding RMSEs. The absolute bias is reduced by increasing the sample size in all cases. It can be observed that the three measures perform well in the high dependence case in fact, bias decreases (slightly) when dependence increases. We also see that the RMSEs decrease as n increases.
5.1. Remark. We have not addressed the important problem of nding the asymptotic distribution of the estimator of λ which is useful for testing symmetry of bivariate data.
However, histograms of the estimates generated from above simulation for Clayton copula with dierent degree of dependence presented in Figure 1 , support the asymptotic normality. For the application, we present an example with a real data set on 1500 insurance claims. Each claim consists of an indemnity payment (the loss) and an allocated loss adjustment expense (ALAE). For details of the data set; see [8] . The scatter plot for uniform scores of data presented in Figure 2 (left panel). We can see that there is some asymmetry and a positive dependence in this data set. For these two variables Table 2 . ForΨ2 andλ, the standard errors are obtained using the jackknife method, which is not applicable for calculating the standard error ofΨ∞. Choosing a copula for this data set has been examined by means of various model selection methods in [4, 8, 9] . For instance, in [4] the Gumbel, Clayton, Frank and Joe copulas were tted and reported that the Gumbel copula with the parameter θ = 1.554 is the best ts.
The approximate values of three radial asymmetry measures for Gumbel copula with the parameter θ = 1.554, are given Ψ∞ = 0.0744, Ψ2 = 0.0685 and λ = 0.023. The right panel of Figure 2 displays the scatter plot of a random sample of size 1500 from Gumbel copula with the parameter θ = 1.554.
Concluding remarks
Based on a modied version of the Sobolve norm, an index is introduced for measuring the radial asymmetry of a bivariate copula. The proposed index satises desirable properties of a measure of radial asymmetry addressed in [3] . The measure λ is also shown to be continuous, therefore it is possible to use empirical method to estimate the value of this measure. The rankbased estimator of λ has a closed form and can be used to detecting radial asymmetry in a set of bivariate data.
